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The tree with a perfect matching having degrees not greater than
three is referred to as the Hückel tree. The ordering of Hückel trees
according to their minimal energies is investigated by means of a
quasi-ordering relation. Using a simpler method than that of Li [H.
Li, On minimal energy ordering of acyclic conjugated molecules,
J. Math. Chem. 25 (1999) 145–169], we obtain the ﬁrst 2n − 10 −
[(1 + (−1)n]/2 trees in the increasing order of their energies within
the class under consideration for n 13, where 2n is the vertex
number of the tree. The number of the trees obtained here exceeds
the reported result (Li, 1999)byn − 10.Wealsoget a lot of preceding
trees in the increasing order of their energies within the class for
5 n 12.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Let T be a tree with n vertices and A(T) its adjacent matrix. The characteristic polynomial of T is [1]
φ(T , x) = det[xI− A(T)] =
n∑
i=0
aix
n−i =
[n/2]∑
k=0
(−1)km(T , k)xn−2k , (1)
where I is the unit matrix of order n and a0, a1, . . . , an are the coefﬁcients of the characteristic polyno-
mial of T .m(T , k) is the number of k-matchings in T . The n roots of φ(T , x) = 0 are denoted by λ1, . . . , λn,
which are the eigenvalues of the corresponding graph T . Thus, the total energy of all π-electrons in
conjugated hydrocarbons, within the framework of Hückel molecular-orbital approximation [2], can
be reduced to
E(T) =
n∑
i=1
|λi|. (2)
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E(T) can also be expressed as the Coulson integral formula [2]
E(T) = 2
π
∫ +∞
0
1
x2
ln
⎡⎣1 + [n/2]∑
k=1
m(T , k)x2k
⎤⎦dx. (3)
Obviously E(T) is a strictly monotonously increasing function ofm(T , k).
For two graphs G1 and G2, Gutman and Zhang introduced a quasi-ordering relation as follows [3,4].
Ifm(G1, k) m(G2, k) holds for all k  0,we denoteG1  G2. Furthermore, ifm(G1, k) < m(G2, k) for an
arbitrary k, we have G1 < G2. If neither G1 < G2 nor G1 > G2, we say that G1 and G2 are incomparable.
According to (3), we have
T1  T2 ⇒ E(T1) E(T2), T1 < T2 ⇒ E(T1) < E(T2). (4)
Based on the above method of quasi-ordering, a number of results have been reached for the ordering
of extremal energies of trees [3,5–14].
As is well known, conjugated hydrocarbon molecules considered in the Hückel molecule orbital
theory are usually represented by the carbon-atom skeleton graphs with perfect matchings, of which
all vertices have degrees less than four. We call such molecular graphs the Hückel molecular graphs.
The minimal energies of unicyclic Hückel molecular graphs have been obtained by Wang et al. [15].
The trees with a perfect matching having degrees less than four are referred to as the Hückel trees.
The set of the Hückel trees with 2n vertices is denoted byH2n.
Let T be a tree of 2n vertices with a perfectmatching. It is evident thatm(T , 1) = 2n − 1. In addition,
it is consistent to deﬁne m(T , 0) = 1 and m(T , k) = 0 for k > n/2. Next we assume 0 k  n/2. Let
Q (T) = L(T) − M(T), where L(T) is the edge set of T andM(T) the perfect matching of T . It is clear that
|M(T)| = n and |Q (T)| = n − 1, where |M(T)| and |Q (T)| are the numbers of edges in M(T) and Q (T),
respectively. Let T̂ be the graph induced by Q (T), namely T̂ = T − M(T) − S0, where S0 is the set of
singletons in T − M(T). We call T̂ the capped graph of T and T the original graph of T̂ . Each k-matching
 of T can be partitioned into two parts:  =  ∪, where  is a matching in T̂ and ⊂ M(T). On
the other hand, any i-matching  of T̂ and k − i edges  of M(T) that are not adjacent to  form a
k-matching of T with partition =  ∪. Therefore, we have [7]
m(T , k) =
k∑
i=0
m(̂T , i) ·
(
n − j
k − i
)
= p +
k∑
i=2
m(̂T , i) ·
(
n − j
k − i
)
, (5)
where
p =
(
n
k
)
+ (n − 1) ·
(
n − 2
k − 1
)
and j is the number of edges inM(T) which are adjacent to the i-matching.
Let T ∈H2n and c(̂T) be the component number of T̂ . Since the vertex degree of T does not exceed
3, T̂ is Pn or the union of paths whose total length is n − 1, where Pn is a path with n vertices. When
c(̂T) = 1, namely T̂ = Pn, we have T = C2n, where C2n is a tree obtained by adding a pendant edge to
each vertex of Pn. Zhang and Li [7] found that the graphs with the minimal and the second minimal
energies inH2n are C2n and D2n, respectively, where D2n is obtained by deleting the third and fourth
pendant edges from C2n+2. Li [8] obtained roughly the ﬁrst n trees inH2n in the increasing order
of their energies. In this paper, we will employ a simpler method than Li’s [8] to further study the
ordering ofminimal energies inH2n − C2n. For c(̂T) 3, Zhang & Li asserted that there exists a tree T ′
such that T ′ < T , where T ′ ∈H2n with c(T̂ ′) 2. Sowe consider the treeswith c(̂T) = 2 as the starting
point. The set of T with c(̂T) = 2 is denoted byK2n.
2. Preliminaries
For trees inK2n, we introduce the following definitions. Let 2 a b, a + b = n + 1, a = 4x + r1,
b = 4y + r2, and a + b = 4z + r3, where x, y, z are non-negative integers and r1, r2, r3 ∈ {0, 1, 2, 3}. The
vertices of Pa and Pb are labelled by u1,u2, . . . ,ua and v1, v2, . . . , vb, respectively. Let T
s,t
a,b
be a tree
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a b
Fig. 1. (a) T2,2
3,4
; (b) F2,2
3,4
.
obtained by adding an edge usvt between the vertex us in Pa and the vertex vt in Pb and then attaching a
pendant edge to each of the other vertices in Pa and Pb, where s and t satisfy 1 s  [(a − 1)/2] + 1 and
1 t  [(b − 1)/2] + 1, respectively. For example, T2,2
3,4
is shown in Fig. 1a. According to the definition
of Ts,t
a,b
, we have usvt ∈ M(Ts,ta,b) and T̂ s,ta,b = Ua,b, where Ua,b is Pa ∪ Pb. It is evident that T1,13,n−2 = D2n.
Obviously, Eq. (5) holds as T is replaced with Ts,t
a,b
. As 2 i  k, i-matchings of Ua,b can be parti-
tioned into two groups according to the value of j. For the ﬁrst group, there are two edges inwhich
are simultaneously adjacent to usvt . The other cases are attributed to the second group. For the ﬁrst
one, j = 2i − 1. The number of i-matchings is denoted by m2i−1 (̂Ts,ta,b, i). For the second one, j = 2i. The
number of i-matchings is equal to that of i-matchings of Fs,t
a,b
and thus denoted bym(Fs,t
a,b
, i), where Fs,t
a,b
is the tree obtained from Ua,b by coalescing us and vt . For example, F
2,2
3,4
is shown in Fig. 1b. Therefore,
we have
m(Ua,b, i) = m2i−1 (̂Ts,ta,b, i) + m(Fs,ta,b, i). (6)
Substitution of (6) into (5) yields
m
(
Ts,t
a,b
, k
)
− p
=
k∑
i=2
[
m2i−1
(
T̂ s,t
a,b
, i
)
·
(
n − 2i + 1
k − i
)
+ m
(
Fs,t
a,b
, i
)
·
(
n − 2i
k − i
)]
=
k∑
i=2
{
m
(
Ua,b, i
)
·
(
n − 2i + 1
k − i
)
− m
(
Fs,t
a,b
, i
)
·
[(
n − 2i + 1
k − i
)
−
(
n − 2i
k − i
)]}
(7)
=
k∑
i=2
{
m
(
Ua,b, i
)
·
(
n − 2i
k − i
)
+ m2i−1
(
T̂ s,t
a,b
, i
)
·
[(
n − 2i + 1
k − i
)
−
(
n − 2i
k − i
)]}
. (8)
For simplicity, E(Ts,t
a,b
) is denoted by εs,t
a,b
. From (7) and (8), we have Lemmas 1–3, respectively. Lemmas
1–3 provide us a straightforward method to compare the energies of the trees inK2n.
Lemma 1. Let Ts,t
a,b
and Ts
′ ,t′
a,b
∈K2n. If Fs,ta,b > Fs
′ ,t′
a,b
, then εs,t
a,b
< ε
s′ ,t′
a,b
.
Lemma 2. Let Ts,t
a,b
and Ts
′ ,t′
a′ ,b′ ∈K2n. If Ua,b  Ua′ ,b′ and Fs,ta,b  Fs
′ ,t′
a′ ,b′ , then ε
s,t
a,b
 εs′ ,t′
a′ ,b′ with equality if and
only if (iff) the equalities in two conditions hold simultaneously.
Lemma 3. Let Ts,t
a,b
and Ts
′ ,t′
a′ ,b′ ∈K2n. For i  2, if Ua,b  Ua′ ,b′ and m2i−1 (̂Ts,ta,b, i) m2i−1 (̂Ts
′ ,t′
a′ ,b′ , i), then
ε
s,t
a,b
 εs′ ,t′
a′ ,b′ , with equality iff the equalities in two conditions hold simultaneously.
To obtain the ﬁnal results of this paper, we simply quote Lemmas 4–7.
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Lemma 4 [2]. Let e = uv be an edge of G and k a positive integer. Then we have
m(G, k) = m(G − e, k) + m(G − u − v, k − 1). (9)
Lemma 5 [3]. Let n = 4h + r, where h is non-negative integer and r ∈ {0, 1, 2, 3}. Then
Pn > U2,n−2 > · · · > U2h,n−2h  U2h+1,n−2h−1
 U2h−1,n−2h+1 > · · · > U3,n−3 > U1,n−1. (10)
The ﬁrst and second equalities in (10) hold iff r = 1 and r = 0, respectively.
Lemma 6 [4]. As 1 r2  3, we have
Fs,1
a,b
> · · · > Fs,2y−1
a,b
> F
s,2y+1
a,b
 Fs,2y+2
a,b
 Fs,2y
a,b
> F
s,2y−2
a,b
> · · · > Fs,2
a,b
. (11)
The ﬁrst and second equalities in (11) hold iff r2 = 2 and r2 = 1, respectively. As r2 = 0, (11) remains valid
without “F
s,2y+1
a,b
 Fs,2y+2
a,b
”.
Lemma 7 [4]. As 1 r1  3, we have
F1,t
a,b
> · · · > F2x−1,t
a,b
> F2x+1,t
a,b
 F2x+2,t
a,b
 F2x,t
a,b
> F2x−2,t
a,b
> · · · > F2,t
a,b
, (12)
The ﬁrst and second equalities in (12) hold iff r1 = 2 and r1 = 1, respectively. As r1 = 0, (12) remains valid
without “F2x+1,t
a,b
 F2x+2,t
a,b
”.
Based on the above lemmas, six corollaries can be deduced. Corollary 1 follows from Lemmas 1 and
6 while Corollary 2 from Lemmas 1 and 7. By virtue of Lammas 1 and 6, we get Corollaries 3–6. The
equalities in Corollaries 3–6 hold iff a = b. Since the proofs for Corollaries 3–5 are similar to that for
Corollary 6, only the proof for Corollary 6 is given here. Corollaries 1, 2 and 4 had been reported by Li
[8] who used a complicated method and can easily be proved by the lemmas presented here.
Corollary 1. As 1 r2  3, we have
ε
s,1
a,b
< · · · < εs,2y−1
a,b
< ε
s,2y+1
a,b
 εs,2y+2
a,b
 εs,2y
a,b
< ε
s,2y−2
a,b
< · · · < εs,2
a,b
. (13)
The ﬁrst and second equalities in (13) hold iff r2 = 2 and r2 = 1, respectively. As r2 = 0, (13) remains valid
without “ε
s,2y+1
a,b
 εs,2y+2
a,b
”.
Corollary 2. As 1 r1  3, we have
ε
1,t
a,b
< · · · < ε2x−1,t
a,b
< ε
2x+1,t
a,b
 ε2x+2,t
a,b
 ε2x,t
a,b
< ε
2x−2,t
a,b
< · · · < ε2,t
a,b
. (14)
The ﬁrst and second equalities in (14) hold iff r1 = 2 and r1 = 1, respectively. As r1 = 0, (14) remains valid
without “ε2x+1,t
a,b
 ε2x+2,t
a,b
”.
Corollary 3. If 3 a b, then (i) ε1,2
a,b
 ε2,1
a,b
for a = 4x + 1 or 4x + 3; (ii) ε2,1
a,b
 ε1,2
a,b
for a = 4x or 4x + 2.
Corollary 4. If 5 a b, then (i) ε3,1
a,b
 ε1,3
a,b
for a = 4x + 1 or 4x + 3; (ii)ε1,3
a,b
 ε3,1
a,b
for a = 4x or 4x + 2.
Corollary 5. If 7 a b, then (i) ε1,4
a,b
 ε4,1
a,b
for a = 4x + 1 or 4x + 3; (ii)ε4,1
a,b
 ε1,4
a,b
for a = 4x or 4x + 2.
Corollary 6. If 9 a b, then (i) ε5,1
a,b
 ε1,5
a,b
for a = 4x + 1 or 4x + 3; (ii)ε1,5
a,b
 ε5,1
a,b
for a = 4x or 4x + 2.
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Proof. Asa=b, theequalityobviouslyholds. Forba + 1,wehaveF5,1
a,b
=F1,a−4
5,a+b−5 andF
1,5
a,b
=F1,min(a,b−4)
5,a+b−5 .
It follows from Lemma 6 that F5,1
a,b
= F1,a−4
5,a+b−5 > F
1,min(a,b−4)
5,a+b−5 = F1,5a,b for a = 4x + 1 or 4x + 3 and F5,1a,b =
F1,a−4
5,a+b−5 < F
1,min(a,b−4)
5,a+b−5 = F1,5a,b for a = 4x or 4x + 2. Then Corollary 6 follows from Lemma 1. 
Let n0 be a positive integer and n0  2. Then we introduce Lemma 8, from which Corollaries 7 and
8 follow.
Lemma 8. (i) If Fs,t
a,b
< Fs
′ ,t′
a,b
andFs,t
a,b+1 < F
s′ ,t′
a,b+1, thenF
s,t
a,b+n0 < F
s′ ,t′
a,b+n0 . (ii) If F
s,t
a,b
< Fs
′ ,t′
a,b
andFs,t
a+1,b < F
s′ ,t′
a+1,b,
then Fs,t
a+n0,b < F
s′ ,t′
a+n0,b.
Proof. (i) As n0 = 2, it follows from Lemma 4 that
m(Fs,t
a,b+2, i) = m(Fs,ta,b+1, i) + m(Fs,ta,b, i − 1), (15)
m(Fs
′ ,t′
a,b+2, i) = m(Fs
′ ,t′
a,b+1, i) + m(Fs
′ ,t′
a,b
, i − 1). (16)
Based on (15)–(16) and the conditions of Lemma 8(i), Fs,t
a,b+2 < F
s′ ,t′
a,b+2 holds. By recursion, Lemma 8(i)
holds for n0  2.
(ii) By the method similar to that for Lemma 8(i), we can obtain Lemma 8(ii). 
Corollary 7. If 9 a b, then ε1,3
a,b
< ε
5,1
a,b
.
Proof. (i) We ﬁrst calculate the characteristic polynomials φ(F1,3
9,9
, x) and φ(F5,1
9,9
, x) by use of (1) as
follows:
φ(F1,3
9,9
, x) = 9x − 108x3 + 416x5 − 730x7 + 678x9
− 354x11 + 104x13 − 16x15 + x17, (17)
φ(F5,1
9,9
, x) = 9x − 104x3 + 406x5 − 724x7 + 677x9
− 354x11 + 104x13 − 16x15 + x17. (18)
Bycomparing thecoefﬁcientsof (17)and (18),wehaveF1,3
9,9
> F5,1
9,9
. Likewise, it follows fromφ(F1,3
9,10
, x)
and φ(F5,1
9,10
, x) that F1,3
9,10
> F5,1
9,10
. By Lemma 8(i), we get F1,3
9,b
> F5,1
9,b
for b 11. Therefore, as b 9,
F1,3
9,b
> F5,1
9,b
.
(ii) As b 10, by Lemma 6, we have F1,3
10,b
= F1,min(10,b−2)
3,7+b  F
1,8
3,7+b = F3,110,b with equality iff b = 10.
By Lemma 7, we have F3,1
10,b
> F5,1
10,b
. Therefore F1,3
10,b
> F5,1
10,b
.
Since F1,3
9,b
> F5,1
9,b
and F1,3
10,b
> F5,1
10,b
, by Lemma 8(ii), we have F1,3
a,b
> F5,1
a,b
for 11 a b. In conclusion,
F1,3
a,b
> F5,1
a,b
for 9 a b. Then from Lemma 1, Corollary 7 holds. 
Corollary 8. If a 5 and b 9, then ε3,1
a,b
< ε
1,5
a,b
.
Proof. (i) As b 9, it follows from Lemma 6 that F3,1
5,b
= F1,3
3,2+b > F
1,5
3,2+b = F1,35,b and F1,35,b > F1,55,b . Thus
F3,1
5,b
> F1,5
5,b
.
(ii) It follows from φ(F3,1
6,9
, x), φ(F1,5
6,9
, x), φ(F3,1
6,10
, x), and φ(F1,5
6,10
, x) that F3,1
6,9
> F1,5
6,9
and F3,1
6,10
> F1,5
6,10
. By
Lemma 8(i), we have F3,1
6,b
> F1,5
6,b
for b 11. Therefore F3,1
6,b
> F1,5
6,b
for b 9.
Since F3,1
5,b
> F1,5
5,b
and F3,1
6,b
> F1,5
6,b
, it follows from Lemma 8(ii) that F3,1
a,b
> F1,5
a,b
for a 7 and b 9. In
conclusion, F3,1
a,b
> F1,5
a,b
for a 5 and b 9. Then from Lemma 1, Corollary 8 holds. 
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ε
1,2
a,b
and ε3,3
a,b
are incomparable on the basis of Lemma 8, so we introduce Lemma 9. By Lemma 9, we
have Corollary 9.
Lemma 9. (i) If Ts,t
a,b
< Ts
′ ,t′
a′ ,b′ and T
s,t
a,b+1 < T
s′ ,t′
a′ ,b′+1, then T
s,t
a,b+n0 < T
s′ ,t′
a′ ,b′+n0 . (ii) If T
s,t
a,b
< Ts
′ ,t′
a′ ,b′ and T
s,t
a+1,b <
Ts
′ ,t′
a′+1,b′ , then T
s,t
a+n0,b < T
s′ ,t′
a′+n0,b′ .
Proof. (i) As n0 = 2, let e′1 = vb+2v′b+2 and e′2 = vb+1vb+2 be edges of Ts,ta,b+2, where v′b+2 is the pendant
vertex adjacent to vb+2. Applying Lemma 4 twice, we have
m(Ts,t
a,b+2, k) = m(Ts,ta,b+2 − e′1, k) + m(Ts,ta,b+2 − vb+2 − v′b+2, k − 1)
= m(Ts,t
a,b+2 − e′1 − e′2, k) + m(Ts,ta,b+2 − e′1 − vb+1 − vb+2, k − 1)
+ m(Ts,t
a,b+1, k − 1)
= m(Ts,t
a,b+1, k) + m(Ts,ta,b, k − 1) + m(Ts,ta,b+1, k − 1). (19)
Likewise,
m(Ts
′ ,t′
a′ ,b′+2, k) = m(Ts
′ ,t′
a′ ,b′+1, k) + m(Ts
′ ,t′
a′ ,b′ , k − 1) + m(Ts
′ ,t′
a′ ,b′+1, k − 1). (20)
By virtue of (19) and (20) and the conditions of Lemma 9(i), we have Ts,t
a,b+2 < T
s′ ,t′
a′ ,b′+2. By incursion,
Lemma 9(i) holds for n0  2.
(ii) By the method similar to that for Lemma 9(i), we can obtain Lemma 9(ii). 
Corollary 9. If 5 a b, then ε1,2
a,b
< ε
3,3
a,b
.
Proof. (i) It follows from φ(T1,25,5 , x), φ(T
3,3
5,5 , x), φ(T
1,2
5,6
, x), and φ(T3,3
5,6
, x) that T1,25,5 < T
3,3
5,5 and T
1,2
5,6
< T3,3
5,6
.
From Lemma 9(i), T1,2
5,b
< T3,3
5,b
holds for b 7. Therefore T1,2
5,b
< T3,3
5,b
for b 5.
(ii) It follows from φ(T1,2
6,6
, x), φ(T3,3
6,6
, x), φ(T1,2
6,7
, x), and φ(T3,3
6,7
, x) that T1,2
6,6
< T3,3
6,6
and T1,2
6,7
< T3,3
6,7
. From
Lemma 9(i), T1,2
6,b
< T3,3
6,b
holds for b 8. Therefore T1,2
6,b
< T3,3
6,b
for b 6.
Since T1,2
5,b
< T3,3
5,b
and T1,2
6,b
< T3,3
6,b
, from Lemma 9(ii), T1,2
a,b
< T3,3
a,b
holds for 7 a b. In conclusion,
T1,2
a,b
< T3,3
a,b
for 5 a b. Therefore, we have Corollary 9. 
3. Main results
On the basis of the above lemmas and corollaries, we can get the ordering of trees inK2n with
ﬁxed a according to their minimal energies, as presented in Theorem 1. In this section, we assume that
ε
s,t
a,b
appearing in the last terms of all the inequalities does not contain the preceding terms.
Theorem 1. Let Ts,t
a,b
∈K2n, we have
ε
1,1
a,b
< · · · < ε1,2z−1
a,b
 ε1,2z
a,b
 ε1,2z−2
a,b
< · · · < ε1,2
a,b
 ε2,1
a,b
< · · · < ε2,2z−1
a,b
 ε2,2z
a,b
 ε2,2z−2
a,b
< · · · < ε2,2
a,b
(a = 3; b 3); (21)
ε
1,1
a,b
< ε
3,1
a,b
 ε1,3
a,b
< ε
1,5
a,b
 εs,t
a,b
(a = 5, 7; b 9); (22)
ε
1,1
a,b
< ε
3,1
a,b
 ε1,3
a,b
< ε
5,1
a,b
 εs,t
a,b
(a = 9, 11, . . . , 2z − 1, 2z + 1; b 9); (23)
ε
1,1
a,b
< ε
1,3
a,b
 ε3,1
a,b
< ε
1,5
a,b
 εs,t
a,b
(a = 2z, 2z − 2, . . . , 8, 6; b 9); (24)
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ε
1,1
a,b
< ε
1,3
a,b
< · · · < ε1,4
a,b
< ε
2,1
a,b
 εs,t
a,b
(a = 4; b 7); (25)
ε
1,1
a,b
< ε
1,3
a,b
 εs,t
a,b
(a = 2; b 5). (26)
The ﬁrst equalities in (22)–(24) hold iff a = b.
Proof. From Corollary 1, we have
ε
s,1
a,b
< ε
s,3
a,b
< ε
s,5
a,b
 · · · εs,4
a,b
< ε
s,2
a,b
. (27)
(I) Proof of (21).
As a = 3 and 0 r3  3, we have b = 4z + r3 − a = 4(z − 1) + (r3 + 1). Using Corollary 1 twice and
Corollary 3(i), we deduce (21). In (21), the ﬁrst and fourth equalities hold iff r3 = 1, the second and
ﬁfth iff r3 = 0 and the third iff b = 3.
(II) Proof of (22)
As a = 5, 7 and b 9, from Corollaries 2, 4(i), 1, and 9, we have
ε
1,1
a,b
< ε
3,1
a,b
< ε
1,3
a,b
< ε
1,5
a,b
< ε
1,4
a,b
< ε
1,2
a,b
< ε
3,3
a,b
, (28)
which remains valid without “< ε1,5
a,b
” and “< ε1,5
a,b
< ε
1,4
a,b
” for b = 8, 7 and b = 6, 5, respectively.
(i) As a = 5 and b 9, from (28), Corollary 3(i), and (27) with s = 1, 2, 3, we get (22).
Likewise, we have, for 5 b 8,
ε
1,1
5,b
< ε
3,1
5,b
< ε
1,3
5,b
< ε
1,4
5,b
< ε
1,2
5,b
< ε
s,t
5,b
(b = 8, 7), (29)
ε
1,1
5,b
< ε
3,1
5,b
< ε
1,3
5,b
< ε
1,2
5,b
< ε
s,t
5,b
(b = 6, 5). (30)
(ii) As a = 7 and b 9, from (28), ε1,4
7,b
< ε
4,1
7,b
< ε
2,1
7,b
(deduced from Corollaries 5(i) and 2), and (27)
with s = 1, 2, 3, 4, we deduce (22).
Likewise, we have, for b = 7, 8,
ε
1,1
7,8
< ε
3,1
7,8
< ε
1,3
7,8
< ε
1,4
7,8
< ε
s,t
7,8
, (31)
ε
1,1
7,7 < ε
1,3
7,7 = ε3,17,7 < ε1,47,7 = ε4,17,7 < ε1,27,7 = ε2,17,7 < εs,t7,7. (32)
(III) Proof of (23)
As a = 9, 11, . . . , 2z − 1, 2z + 1, from Corollaries 2, 4(i), 7, 6(i), 1, and 9, we get
ε
1,1
a,b
< ε
3,1
a,b
 ε1,3
a,b
< ε
5,1
a,b
 ε1,5
a,b
< ε
1,2
a,b
< ε
3,3
a,b
, (33)
where two equal signs hold iff a = b.
From (33), ε5,1
a,b
 εs,1
a,b
(deduced from Corollary 2 with s /= 1 or s /= 3), and (27) with 1 s  [(a −
1)/2] + 1, we get (23).
(IV) Proof of (24)
As a = 2z, 2z − 2, . . . , 10, 8, 6 and b 9, Corollaries 1, 4(ii), 8, and 9 yield
ε
1,1
a,b
< ε
1,3
a,b
 ε3,1
a,b
< ε
1,5
a,b
< ε
1,4
a,b
< ε
1,2
a,b
< ε
3,3
a,b
(34)
with equality iff a = b.
As a = b = 8, (34) remains valid without “< ε1,5
a,b
” due to ε1,3
8,8
= ε3,1
8,8
.
(i) a = 2z, 2z − 2, . . . , 12, 10.
From (34), ε1,5
a,b
 ε5,1
a,b
 εs,1
a,b
(deduced from Corollaries 6(ii) and 2 with s /= 1 or s /= 3), (27) with
1 s  [(a − 1)/2] + 1, we have (24).
(ii) a = 8.
Asb 9, it follows fromLemma6thatF1,5
8,b
= F1,min(8,b−4)
5,b+3 > F
1,4
5,b+3 = F4,18,b . ThenbyLemma1,wehave
ε
1,5
8,b
< ε
4,1
8,b
. From Corollary 2, we get ε4,1
8,b
< ε
2,1
8,b
. From (34), ε1,5
8,b
< ε
4,1
8,b
< ε
2,1
8,b
, and (27) with s = 1, 2, 3, 4,
we deduce (24).
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As b = 8, from (34), ε3,3
8,8
< ε
4,3
8,8
< ε
2,3
8,8
(by Corollary 2), εs,t
8,8
= εt,s
8,8
, and (27)with s = 1, 2, 3, 4, we have
ε
1,1
8,8
< ε
1,3
8,8
= ε3,1
8,8
< ε
1,4
8,8
= ε4,1
8,8
< ε
1,2
8,8
= ε2,1
8,8
< ε
s,t
8,8
. (35)
(iii) a = 6.
As b 9, it follows from Lemma 6 that F1,5
6,b
= F1,min(6,b−4)
5,b+1 > F
1,2
5,b+1 = F2,16,b . Then by Lemma 1, we
have ε1,5
6,b
< ε
2,1
6,b
. From (34), ε1,5
6,b
< ε
2,1
6,b
, and (27) with s = 1, 2, 3, we deduce (24).
As b = 8, it follows from Lemma 6 that F3,1
6,8
= F1,3
4,10
> F1,5
4,10
= F1,4
6,8
and F1,4
6,8
= F1,4
5,9
> F1,2
5,9
= F2,1
6,8
. Then
by Lemma 1, we have ε3,1
6,8
< ε
1,4
6,8
< ε
2,1
6,8
. From ε1,1
6,8
< ε
1,3
6,8
< ε
3,1
6,8
(by (34)), ε3,1
6,8
< ε
1,4
6,8
< ε
2,1
6,8
, ε2,1
6,8
< ε
1,2
6,8
<
ε
3,3
6,8
< ε
2,3
6,8
(by Corollaries 3(ii), 9, and 2), and (27) with s = 1, 2, 3, we get
ε
1,1
6,8
< ε
1,3
6,8
< ε
3,1
6,8
< ε
1,4
6,8
< ε
2,1
6,8
< ε
1,2
6,8
< ε
s,t
6,8
. (36)
As b = 7, it follows from Lemma 6 that F3,1
6,7
= F1,3
4,9
> F1,4
4,9
= F1,4
6,7
. Then by Lemma 1, we have ε3,1
6,7
<
ε
1,4
6,7
. Fromφ(T1,4
6,7
, x) andφ(T2,1
6,7
, x), wehave ε1,4
6,7
< ε
2,1
6,7
. From ε1,1
6,7
< ε
1,3
6,7
< ε
3,1
6,7
(by (34)), ε3,1
6,7
< ε
1,4
6,7
< ε
2,1
6,7
,
ε
2,1
6,7
< ε
1,2
6,7
< ε
3,3
6,7
< ε
2,3
6,7
(by Corollaries 3(ii), 9, and 2), and (27) with s = 1, 2, 3, we get
ε
1,1
6,7
< ε
1,3
6,7
< ε
3,1
6,7
< ε
1,4
6,7
< ε
2,1
6,7
< ε
1,2
6,7
< ε
s,t
6,7
. (37)
As b = 6, from ε1,1
6,6
< ε
1,3
6,6
< ε
1,2
6,6
(by Corollary 1), ε1,2
6,6
< ε
3,3
6,6
< ε
2,3
6,6
(by Corollaries 9 and2), εs,t
6,6
= εt,s
6,6
,
and (27) with s = 1, 2, 3, we get
ε
1,1
6,6
< ε
3,1
6,6
= ε1,3
6,6
< ε
1,2
6,6
= ε2,1
6,6
< ε
s,t
6,6
. (38)
(V) Proof of (25)
It follows fromφ(T1,4
4,7
, x),φ(T2,1
4,7
, x),φ(T1,4
4,8
, x), andφ(T2,1
4,8
, x) thatT1,4
4,7
< T2,1
4,7
andT1,4
4,8
< T2,1
4,8
. ByLemma
9(i), we have T1,4
4,b
< T2,1
4,b
for b 9. Thus ε1,4
4,b
< ε
2,1
4,b
for b 7. From ε1,4
4,b
< ε
2,1
4,b
< ε
1,2
4,b
(by Corollary 3(ii)),
(27) with s = 1, 2, we deduce (25).
(VI) From Corollary 1, (26) holds. 
Theorem1is concernedwith the trees inH2n for c(̂T) = 2.Nextweconsider thecaseswith c(̂T) 3.
We simply quote a lemma obtained by Zhang and Li [7].
Lemma 10 [7]. For T1 ∈H2n, if c(T̂1) 4, then there exists T2 ∈H2n with c(T̂2) = 3, satisfying T1 < T2.
According to Lemma 10, we shall consider the trees inH2n with c(̂T) = 3. We introduce two trees
T3,3,n−4 and T2,3,2, which have minimal energies inH2n with c(̂T) = 3 for n + 1 7 and n + 1 = 6,
respectively. Let T3,3,n−4 be the tree obtained from Pn+2 by attaching a pendant edge to every vertex
except for the third, fourth, sixth, and seventh vertices. Let T2,3,2 be the tree obtained from P9 by
attaching a pendant edge to the ﬁfth vertex only. For example, T3,3,3 and T2,3,2 are shown in Figs. 2a and
2b, respectively. Let E(T3,3,n−4) = ε(T3,3,n−4) and E(T) = ε(T). To deduce Theorems 2–4, Lemmas 11–16
are introduced.
Lemma 11. Let T ∈H2n with c(̂T) = 3. (i) If n + 1 7 and T /= T3,3,n−4, then ε(T3,3,n−4) < ε(T). (ii) If
n + 1 = 6 and T /= T2,3,2, then ε(T2,3,2) < ε(T).
Proof. (i) For T ∈H2n with c(̂T) = 3, let T̂ = Pc ∪ Pd ∪ Pf = Uc,d,f , where c, d and f are integers not less
than 2 and c + d + f = n + 2. Only two edges inM(T), denoted by e1 and e2, are not pendant edges but
a b
Fig. 2. (a) T3,3,3; (b) T2,3,2.
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linking edges. The vertices of e1 are incident with Pc and Pd while the vertices of e2 with Pd and Pf . As
i  2, i-matchingsofUc,d,f canbepartitioned into three groups according to the value of j. For theﬁrst
group, the number of the edge in adjacent to e1 or e2 does not exceed 1. Thus j = 2i and the number
of i-matchings is equal to m(Tn, i), where Tn is the tree obtained from Uc,d,f by coalescing respectively
the vertices incidentwith e1 and e2. For the second one, there are just two edges in adjacent to either
e1 or e2. Thus j = 2i − 1 and the number of i-matchings is denoted bym2i−1(Uc,d,f , i). For the third one,
there are just two edges in  adjacent to e1 and two other edges in  to e2. Thus j = 2i − 2 and the
number of i-matchings is denoted bym2i−2(Uc,d,f , i). It is obvious thatm2i−2(U3,3,n−4, i) = 0. Therefore,
we have
m(Uc,d,f , i) = m(Tn, i) + m2i−1(Uc,d,f , i) + m2i−2(Uc,d,f , i), (39)
m(U3,3,n−4, i) = m(Pn, i) + m2i−1(U3,3,n−4, i). (40)
It follows from (5) and (39) that
m(T , k) = p +
k∑
i=2
⎧⎨⎩m(Uc,d,f , i) ·
(
n − 2i
k − i
)
+
2∑
c=1
m2i−c(Uc,d,f , i) ·
[(
n − 2i + c
k − i
)
−
(
n − 2i
k − i
)]⎫⎬⎭. (41)
As c = d = 2 and f = n − 2, by Lemma 5, we have
P3 ∪ P3 ∪ Pn−4  P3 ∪ Pn−3 ∪ P2 < P2 ∪ Pn−2 ∪ P2, (42)
with equality iff n + 1 = 7. Otherwise,
P3 ∪ P3 ∪ Pn−4  P3 ∪ Pc+d−3 ∪ Pf  Pc ∪ Pd ∪ Pf , (43)
where the ﬁrst equality holds iff c + d = 6 or f = 3while the second iff c = 3 or d = 3. By (42) and (43),
U3,3,n−4  Uc,d,f holds for n + 1 7 with equality iff two of c, d, f are equal to 3. Since U3,3,n−4  Uc,d,f
and Tn  Pn [3], by comparing (39) and (40), we have
m2i−1(U3,3,n−4, i) m2i−1(Uc,d,f , i) + m2i−2(Uc,d,f , i) (44)
with equality iff Uc,d,f = U3,3,n−4 and Tn = Pn.
Combining U3,3,n−4  Uc,d,f , (44) and m2i−2(U3,3,n−4, i) = 0, by (41), we have T3,3,n−4 < T as T /=
T3,3,n−4. Thus Lemma 11(i) is proved.
(ii) By the method similar to that for Lemma 11(i), Lemma 11(ii) can readily be proved. 
By Lemmas 11(i) and 10, we have Lemma 12.
Lemma 12. Let T ∈H2n with c(̂T) 3. As n + 1 7 and T /= T3,3,n−4, we have ε1,22,n−1 < ε(T3,3,n−4) <
ε(T).
Proof. It follows from φ(T1,2
2,5
, x), φ(T3,3,2, x), φ(T
1,2
2,6
, x), and φ(T3,3,3, x) that T
1,2
2,5
< T3,3,2 and T
1,2
2,6
< T3,3,3.
By themethod similar to that for Lemma9(i),wehave T1,2
2,n−1 < T3,3,n−4 forn + 1 9. Therefore ε1,22,n−1 <
ε(T3,3,n−4) as n + 1 7. Then from Lemmas 11(i) and 10, we have Lemma 12. 
Lemma 13. As n + 1 9, ε1,3
4,n−3 < ε
1,3
2,n−1 < ε
1,2
2,n−1 holds.
Proof. As n + 1 9, by Lemmas 5 and 6, we have U4,n−3 < U2,n−1 and F1,34,n−3 = F1,min(4,n−5)3,n−2 > F1,23,n−2 =
F1,3
2,n−1, respectively. Thus, by Lemma 2,we get ε
1,3
4,n−3 < ε
1,3
2,n−1. From corollary 1, we have ε
1,3
2,n−1 < ε
1,2
2,n−1.
Therefore Lemma 13 holds. 
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Lemma 14. Let b a + 4. (i) If a = 4x + 1 or 4x + 3, then ε1,3
a,b
< ε
3,1
a+2,b−2. (ii) If a = 4x or 4x + 2, then
ε
3,1
a+2,b−2 < ε
1,3
a,b
.
Proof. As a + b 2a + 4, by Lemma 5, we have Ua,b < Ua+2,b−2 for a = 4x + 1 or 4x + 3 and Ua,b >
Ua+2,b−2 for a = 4x or 4x + 2. Since F1,3a,b = F3,1a+2,b−2, from Lemma 2, Lemma 14 holds. 
Lemma 15. (i) If n + 1 = 4z + 2 or 4z + 3 with z  1, then ε1,3
2z+1,n−2z < ε
1,3
2z,n−2z+1. (ii) If n + 1 = 4z or
4z + 1 with z  2, then ε1,3
2z−1,n−2z+2 < ε
1,3
2z,n−2z+1.
Proof. (i) By Lemmas 5 and 6, we have U2z+1,n−2z < U2z,n−2z+1 and F1,32z+1,n−2z = F1,,n−2z−23,n−2  F1,2z3,n−2 =
F1,3
2z,n−2z+1, respectively. By Lemma 2, we get Lemma 15(i).
(ii) By the method similar to that for Lemma 15(i), we have Lemma 15(ii). 
Lemma 16. For n + 1 14,
ε
1,5
5,n−4 < ε
1,5
a,b
(a = 7, 2z, 2z − 2, . . . , 8, 6; b 9); (45)
ε
1,5
5,n−4 < ε
1,4
a,b
(a = 6, b = 8; a = 7, b = 7, 8; a = b = 8). (46)
Proof. For the condition of (45), by Lemmas 5 and 6, we haveU5,n−4 < Ua,b and F
1,5
5,n−4  F
1,min(a,b−4)
5,n−4 =
F1,5
a,b
, respectively. From Lemma 2, (45) holds.
For the condition of (46), by Lemmas 5 and 6, we have U5,n−4 < Ua,b and F1,45,n−4 = F1,54,n−3  F1,b−34,n−3 =
F1,4
a,b
, respectively. By Lemma2,we get ε1,4
5,n−4 < ε
1,4
a,b
. From corollary 1,we have ε1,5
5,n−4 < ε
1,4
5,n−4. Therefore
(46) holds. 
By Theorem 1 and Lemmas 11–16, we can get Theorems 2–4, where T is not equal to the preceding
terms. In Theorem 2, the inequality that ranges from ε1,1
3,n−2 to ε
1,3
5,n−4 was obtained by Li [8]. We extend
Li’s result here by addingn − 10 termsand then thewhole inequality has 2n − 10 − [1 + (−1)n]/2 terms
for n + 1 14. In addition, we shall prove Li’s result by a simpler method than Li’s.
Theorem 2. Let T ∈H2n − C2n.
(i) If n + 1 = 4z + 2 or 4z + 3, then
ε
1,1
3,n−2 < ε
1,1
5,n−4 < · · · < ε1,12z−1,n−2z+2 < ε1,12z+1,n−2z < ε1,12z,n−2z+1
< · · · < ε1,1
4,n−3 < ε
1,1
2,n−1 (47)
< ε
1,3
3,n−2 < ε
1,5
3,n−2 < · · · < ε1,2z−33,n−2 < ε1,2z−13,n−2  ε1,2z3,n−2  ε1,2z−23,n−2
< · · · < ε1,6
3,n−2 < ε
1,4
3,n−2 (48)
< ε
3,1
5,n−4 < ε
1,3
5,n−4 < · · · < ε3,12z−1,n−2z+2 < ε1,32z−1,n−2z+2
< ε
3,1
2z+1,n−2z  ε1,32z+1,n−2z (49)
< ε
1,3
2z,n−2z+1  ε3,12z,n−2z+1 < ε1,32z−2,n−2z+3 < ε3,12z−2,n−2z+3
< · · · < ε1,3
6,n−5 < ε
3,1
6,n−5; (50)
ε
3,1
6,n−5 < ε
1,3
4,n−3 < ε(T), T = Ts,ta,b with a = 2, 4 or c(̂T) 3; (51)
ε
3,1
6,n−5 < ε
1,5
5,n−4 < ε(T), T = Ts,ta,b with a /= 2, 4 or c(̂T) 3. (52)
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(ii) If n + 1 = 4z or4z + 1,Theorem2(i) remainsvalidwithout “< ε1,1
2z+1,n−2z” in (47)and“< ε
3,1
2z+1,n−2z 
ε
1,3
2z+1,n−2z” in (49).
Theﬁrst and secondequal signs in (48)hold iff n + 1 = 4z + 1and4z, respectively.Theequal signs in (49)
and (50) hold iff n + 1 = 4z + 2 and 4z, respectively. Eqs. (47)–(52) hold for n + 1 6, 10, 10, 10, 12, 14,
respectively.
Proof. (I) Proof of (47) for n + 1 6
As n + 1 = 4z + 2 or 4z + 3 , from Lemma 5, we have
U2,n−1 > U4,n−3 > · · · > U2z,n−2z+1 > U2z+1,n−2z > U2z−1,n−2z+2 > · · · > U5,n−4 > U3,n−2. (53)
For a + b = n + 1, F1,1
a,b
= Pa+b−1 = Pn. Thus, from Lemma 2, (47) holds for n + 1 6.
As n + 1 = 4z or 4z + 1, we have a 2z and (53) holds without “> U2z+1,n−2z”. Thus (47) still holds
without “< ε1,1
2z+1,n−2z”.
(II) Proof of (48) for n + 1 10
From φ(T1,1
2,6
, x), φ(T1,3
3,5
, x), φ(T1,1
2,7
, x), and φ(T1,3
3,6
, x), we get T1,1
2,6
< T1,3
3,5
and T1,1
2,7
< T1,3
3,6
. From Lemma
9(i), T1,1
2,n−1 < T
1,3
3,n−2 for n + 1 10. Therefore ε1,12,n−1 < ε1,33,n−2 for n + 1 8. Furthermore, by (21), we
have (48) for n + 1 10.
(III) Proof of (49) for n + 1 10
As n + 1 10 and i  2, we have
m2i−1 (̂T1,43,n−2, i) = m(U2,n−6, i − 2) + m(U3,n−7, i − 2), (54)
m2i−1 (̂T3,15,n−4, i) = 2m(U2,n−6, i − 2). (55)
Since U3,n−7  U2,n−6 (from Lemma 5), by comparing (54) and (55), m2i−1 (̂T1,43,n−2, i) m2i−1 (̂T3,15,n−4, i)
holds. Furthermore, fromLemma5,U3,n−2 < U5,n−4 holds. Thus, byLemma3,wededuce ε1,43,n−2 < ε
3,1
5,n−4.
As n + 1 = 4z + 2 or 4z + 3, using Corollary 4(i) and Lemma 14(i) alternately, we have (49) with
equality iff n + 1 = 4z + 2. As n + 1 = 4z or 4z + 1, we have a  2z and then (49) still holds without
“< ε3,1
2z+1,n−2z  ε1,32z+1,n−2z”.
(IV) Proof of (50) for n + 1 10
As n + 1 = 4z + r3, from Lemma 15, the ﬁrst inequality of (50) holds. Using Corollary 4(ii) and
Lemma 14(ii) alternately, we have the remainder of (50) with equality iff n + 1 = 4z.
(V) Proof of (51) for n + 1 12
As n + 1 12, by Lemma 14(ii), we get ε3,1
6,n−5 < ε
1,3
4,n−3.
As T = Ts,t
a,b
, from ε1,3
4,n−3 < ε
1,3
2,n−1 (Lemma 13) and (26), ε
1,3
4,n−3 < ε(T) holds for a = 2. From (25),
ε
1,3
4,n−3 < ε(T) holds for a = 4. As c(̂T) 3, from Lemmas 13 and 12, ε1,34,n−3 < ε(T) holds.
(VI) Proof of (52) for n + 1 14
From φ(T3,1
6,8
, x), φ(T1,5
5,9
, x), φ(T3,1
6,9
, x), and φ(T1,5
5,10
, x), we get T3,1
6,8
< T1,5
5,9
and T3,1
6,9
< T1,5
5,10
. From Lemma
9(i), T3,1
6,n−5 < T
1,5
5,n−4 holds for n + 1 16. Thus ε3,16,n−5 < ε1,55,n−4 for n + 1 14. As n + 1 14, we shall
demonstrate that
ε
1,5
5,n−4 < ε(T) (56)
holds for two cases, namely T = Ts,t
a,b
and c(̂T) 3.
(i) T = Ts,t
a,b
.
Fromφ(T1,5
5,9
, x),φ(T1,2
3,11
, x),φ(T1,5
5,10
, x), andφ(T1,2
3,12
, x),wegetT1,5
5,9
< T1,2
3,11
andT1,5
5,10
< T1,2
3,12
. FromLemma
9(i), T1,5
5,n−4 < T
1,2
3,n−2 holds for n + 1 16. Therefore ε1,55,n−4 < ε1,23,n−2 for n + 1 14. Furthermore, from
(21), (56) holds for a = 3.
From (22), (56) holds for a = 5.
As a = 7 and b 9, from (22) and (45), (56) holds. As a = 7 and b = 8, from (31) and (46), (56)
holds. As a = b = 7, from (32) and (46), (56) holds.
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As a = 9, 11, . . . , 2z − 1, 2z + 1, by Lemma 5, we get U5,n−4 < Ua,b. Since 5 a − 4 2z − 3, by
Lemma 6, we have F1,5
5,n−4  F1,a−45,n−4 = F5,1a,b . Thus, from Lemma 2, ε1,55,n−4 < ε5,1a,b holds. Then from (23),
(56) holds.
As a = 2z, 2z − 2, . . . , 8, 6 and b 9, from (24) and (45), (56) holds. As a = b = 8, from (35) and (46),
(56) holds. As a = 6 and b = 8, from (36) and (46), (56) holds.
(ii) c(̂T) 3.
By Lemmas 5 and 6, we have U5,n−4 < U2,n−1 and F1,25,n−4 = F1,52,n−1 > F1,22,n−1, respectively. By Lemma
2, we get ε1,2
5,n−4 < ε
1,2
2,n−1. From Corollary 1, ε
1,5
5,n−4 < ε
1,2
5,n−4 holds. Thus ε
1,5
5,n−4 < ε
1,2
2,n−1 for n + 1 14.
Then from Lemma 12, (56) holds. 
As n + 1 14, ε1,3
4,n−3 and ε
1,5
5,n−4 in Theorem 2 are incomparable within the quasi-ordering relation.
It is noted that (52) holds as n + 1 14. Furthermore, we consider the ordering of minimal energies
for T ∈H2n − C2n as 6 n + 1 13. To obtain Theorems 3 and 4, we introduce Lemmas 17 and 18.
Lemma 17. If n + 1 7, then ε1,2
3,n−2 < ε
2,1
3,n−2 < ε
1,3
2,n−1 < ε
1,2
2,n−1.
Proof. From Corollary 3(i), ε1,2
3,n−2 < ε
2,1
3,n−2 holds. As i  2, we have
m2i−1 (̂T2,13,n−2, i) = 2m(Pn−4, i − 2), (57)
m2i−1 (̂T1,32,n−1, i) = m(Pn−4, i − 2) + m(U2,n−5, i − 2). (58)
Since Pn−4  U2,n−5 (by Lemma 5), by comparing (57) and (58), we deduce m2i−1 (̂T2,13,n−2, i)
m2i−1 (̂T1,32,n−1, i). Furthermore, by Lemma 5, we haveU3,n−2 < U2,n−1. Thus, by Lemma 3, we get ε
2,1
3,n−2 <
ε
1,3
2,n−1. From Corollary 1, we have ε
1,3
2,n−1 < ε
1,2
2,n−1. In conclusion, Lemma 17 holds. 
Lemma 18. If n + 1 8, then ε1,2
4,n−3 < ε
1,2
2,n−1.
Proof. By Lemmas 5 and 6, we have U4,n−3 < U2,n−1 and F1,24,n−3 = F1,42,n−1 > F1,22,n−1, respectively. Then
Lemma 18 follows from Lemma 2. 
Theorem 3. Let T ∈H2n − C2n. As n + 1 = 13, 12 and 11, we have, respectively,
(∗) < ε1,3
4,9
< ε
1,4
5,8
< ε
1,4
6,7
<
{
ε
1,2
3,10
< ε(T),
ε
1,5
4,9
< ε(T),
(59)
(∗) < ε1,3
4,8
< ε
1,4
5,7 <
{
ε
1,2
3,9
< ε(T),
ε
1,4
4,8
< ε(T),
(60)
(∗∗) < ε1,3
4,7
<
{
ε
1,2
3,8
< ε(T),
ε
1,4
4,7
< ε(T).
(61)
(∗) in (59) and (60) represent the inequalities in (47)–(50)with n + 1 = 13, 12, respectively. (**) in (61) rep-
resents the inequalities in (47)–(49)with n + 1 = 11. The upper inequalities in (59)–(61) hold for T = Ts,t
a,b
with a /= 4 or c(̂T) 3 while the lower ones for T = Ts,t
a,b
with a = 4 or c(̂T) 3.
Proof. The last inequalities in (59)–(61) are considered for two cases, namely T = Ts,t
a,b
and c(̂T) 3.
(I) n + 1 = 13.
By Lemma 14(ii), we get ε3,1
6,7
< ε
1,3
4,9
. It follows from φ(T1,3
4,9
, x), φ(T1,4
5,8
, x), φ(T1,4
6,7
, x), and φ(T1,2
3,10
, x) that
ε
1,3
4,9
< ε
1,4
5,8
< ε
1,4
6,7
< ε
1,2
3,10
.
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As i  2, we havem2i−1 (̂T1,46,7 , i) = 2m(U2,3,4, i − 2) = m2i−1 (̂T1,54,9 , i). By Lemma 5, we get U6,7 < U4,9.
Thus, by Lemma 3, we deduce ε1,4
6,7
< ε
1,5
4,9
.
(i) T = Ts,t
a,b
.
As a = 2, from ε1,2
3,10
< ε
1,3
2,11
(Lemma 17) and (26), ε1,2
3,10
< ε(T) holds.
As a = 3, from (21), ε1,2
3,10
< ε(T) holds.
As a = 5, 6, by Lemmas 5 and 6, we have U3,10 < U5,8 < U6,7 and F1,23,10 = F1,32,11 > F1,52,11 = F1,25,8 = F2,16,7 ,
respectively. Thus, by Lemma 2, we get ε1,2
3,10
< ε
1,2
5,8
< ε
2,1
6,7
. Then, from (29) with b = 8 and (37), ε1,2
3,10
<
ε(T) holds for a = 5 and a = 6, respectively.
As a = 4, from (25), we get ε1,5
4,9
< ε(T).
(ii) c(̂T) 3.
As n + 1 = 13, 12, 11, from ε1,2
3,n−2 < ε
1,2
2,n−1 (Lemma 17) and Lemma 12, we get
ε
1,2
3,n−2 < ε(T). (62)
As n + 1 = 13, from Corollary 1 and Lemma 18, we get ε1,5
4,9
< ε
1,2
4,9
< ε
1,2
2,11
. Furthermore, by Lemma
12, we have ε1,5
4,9
< ε(T).
(II) n + 1 = 12.
By Lemma 14(ii), we get ε3,1
6,6
< ε
1,3
4,8
. It follows from φ(T1,3
4,8
, x), φ(T1,45,7 , x) and φ(T
1,2
3,9
, x) that ε1,3
4,8
<
ε
1,4
5,7 < ε
1,2
3,9
.
From Lemma 5, U5,7 < U4,8 holds. Since F
1,4
5,7 = F1,44,8 , by Lemma 1, we have ε1,45,7 < ε1,44,8 .
(i) T = Ts,t
a,b
.
As a = 2, 3, 4, by themethod similar to that for the case with n + 1 = 13, the last inequalities in (60)
can readily be proved.
As a = 5, 6, by Lemmas 5 and 6, we have U3,9 < U5,7 < U6,6 and F1,23,9 = F1,32,10 > F1,52,10 = F1,25,7 = F1,26,6 ,
respectively. Thus, by Lemma 2, we get ε1,2
3,9
< ε
1,2
5,7 < ε
1,2
6,6
. Then, from (29) with b = 7 and (38), we have
ε
1,2
3,9
< ε(T) holds for a = 5 and a = 6, respectively.
(ii) c(̂T) 3.
By (62), ε1,2
3,9
< ε(T) holds. As n + 1 = 12 or 11, by Corollay 1 and Lemma 18, we get ε1,4
4,n−4 < ε
1,2
4,n−4 <
ε
1,2
2,n−1. Then by Lemma 12, we obtain
ε
1,4
4,n−4 < ε(T). (63)
(III) n + 1 = 11.
By Lemma 15(i), we get ε1,3
5,6
< ε
1,3
4,7
. It follows from φ(T1,3
4,7
, x) and φ(T1,2
3,8
, x) that ε1,3
4,7
< ε
1,2
3,8
. From
corollary 1, we have ε1,3
4,7
< ε
1,4
4,7
.
(i) T = Ts,t
a,b
.
As a = 2, 3, 4, by themethod similar to that for the case with n + 1 = 13, the last inequalities in (61)
can readily be proved.
As a = 5, by Lemmas 5 and 6, we have U3,8 < U5,6 and F1,23,8 = F1,32,9 > F1,52,9 = F1,25,6 , respectively. Thus,
by Lemma 2, we get ε1,2
3,8
< ε
1,2
5,6
. Then, by (30) with b = 6, we obtain ε1,2
3,8
< ε(T).
(ii) c(̂T) 3.
By (62) and (63), ε1,2
3,8
< ε(T) and ε1,4
4,7
< ε(T) hold. 
From φ(T1,2
3,10
, x), φ(T1,5
4,9
, x), φ(T1,2
3,9
, x), φ(T1,4
4,8
, x), φ(T1,2
3,8
, x), and φ(T1,4
4,7
, x), we ﬁnd that ε1,2
3,10
and ε1,5
4,9
,
ε
1,2
3,9
and ε1,4
4,8
, ε1,2
3,8
and ε1,4
4,7
in Theorem 3 are incomparable.
In Theorem 3 we study the ordering of minimal energies for T ∈H2n − C2n as 11 n + 1 13.
Next, we consider the cases with 6 n + 1 10, as given by Theorem 4. The inequalities that range
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from the ﬁrst terms to ε1,3
4,6
in (64), ε1,2
3,6
in (65), ε1,2
4,4
in (66), and ε1,3
2,5
in (67) were obtained by Li [8]. We
extend the results here.
Theorem 4. Let T ∈H2n − C2n. As n + 1 = 10, 9, 8, 7 and 6, we have, respectively,
(∗∗) < ε1,3
4,6
< ε
1,2
3,7
< ε
2,1
4,6
< ε
2,1
5,5 = ε1,25,5 < ε1,24,6 < ε2,13,7 < ε1,32,8 < ε1,42,8 < ε1,22,8 < ε(T), (64)
ε
1,1
3,6
< ε
1,1
4,5
< ε
1,1
2,7
< ε
1,3
3,6
< ε
1,3
4,5
< ε
1,2
3,6
< ε
2,1
4,5
< ε
1,2
4,5
< ε
2,1
3,6
< ε
1,3
2,7
< ε
1,4
2,7
< ε
1,2
2,7
< ε(T), (65)
ε
1,1
3,5
< ε
1,1
4,4
< ε
1,1
2,6
< ε
1,3
3,5
< ε
1,2
3,5
< ε
1,2
4,4
= ε2,1
4,4
< ε
2,1
3,5
< ε
1,3
2,6
< ε
1,2
2,6
< ε(T), (66)
ε
1,1
3,4
< ε
1,1
2,5
< ε
1,2
3,4
< ε
2,1
3,4
< ε
1,3
2,5
< ε
1,2
2,5
< ε(T), (67)
ε
1,1
3,3
< ε
1,1
2,4
< ε
1,2
3,3
= ε2,1
3,3
< ε
1,2
2,4
< ε(T). (68)
(**) in (64) represents the inequalities in (47)–(49) with n + 1 = 10.
Proof. First we prove the cases with c(̂T) = 2 for 7 n + 1 10. As c(̂T) 3, from Lemma 12, the last
inequalities of (64)–(67) hold for 7 n + 1 10. As n + 1 = 6, we consider two cases c(̂T) = 2 and
c(̂T) 3 separately.
(i) n + 1 = 10.
By Lemma 15(i), we get ε1,35,5 < ε
1,3
4,6
. It follows from φ(T1,3
4,6
, x), φ(T1,2
3,7
, x), φ(T2,1
4,6
, x), and φ(T2,15,5 , x) that
ε
1,3
4,6
< ε
1,2
3,7
< ε
2,1
4,6
< ε
2,1
5,5 = ε1,25,5 . Since U5,5 < U4,6 (by Lemma 5) and F1,25,5 = F1,24,6 , by Lemma 2, we have
ε
1,2
5,5 < ε
1,2
4,6
. φ(T1,2
4,6
, x) and φ(T2,1
3,7
, x) yield ε1,2
4,6
< ε
2,1
3,7
. From Lemma 17 and Corollary 1, ε2,1
3,7
< ε
1,3
2,8
< ε
1,4
2,8
<
ε
1,2
2,8
holds. It follows from φ(T1,2
2,8
, x), φ(T3,35,5 , x), φ(T
2,3
4,6
, x), and φ(T2,3
3,7
, x) that ε1,2
2,8
< ε
3,3
5,5 < ε
2,3
4,6
< ε
2,3
3,7
. Cor-
ollary 1 yields ε3,35,5 < ε
3,2
5,5 . Corollaries 2 and 1 yield ε
3,3
5,5 < ε
2,3
5,5 < ε
2,2
5,5 . Corollary 1 yields ε
2,3
3,7
< ε
2,4
3,7
< ε
2,2
3,7
and ε2,3
4,6
< ε
2,2
4,6
. In conclusion, we deduce (64) for c(̂T) = 2.
(ii) n + 1 = 9.
From (47), φ(T1,1
2,7
, x) and φ(T1,3
3,6
, x), we have ε1,1
3,6
< ε
1,1
4,5
< ε
1,1
2,7
< ε
1,3
3,6
. By Lemma 15(ii), we get ε1,3
3,6
<
ε
1,3
4,5
. φ(T1,3
4,5
, x) and φ(T1,2
3,6
, x) yield ε1,3
4,5
< ε
1,2
3,6
. Since U3,6 < U4,5 (by Lemma 5) and F
1,2
3,6
= F2,1
4,5
, by Lemma
2, we have ε1,2
3,6
< ε
2,1
4,5
. Corollary 3(ii) yields ε2,1
4,5
< ε
1,2
4,5
. φ(T1,2
4,5
, x) and φ(T2,1
3,6
, x) yield ε1,2
4,5
< ε
2,1
3,6
. From
Lemma17andCorollary1, ε2,1
3,6
< ε
1,3
2,7
< ε
1,4
2,7
< ε
1,2
2,7
holds. It follows fromφ(T1,2
2,7
, x),φ(T2,3
4,5
, x)andφ(T2,3
3,6
, x)
that ε1,2
2,7
< ε
2,3
4,5
< ε
2,3
3,6
. Corollary 1 yields ε2,3
4,5
< ε
2,2
4,5
and ε2,3
3,6
< ε
2,2
3,6
. In conclusion, we deduce (65) for
c(̂T) = 2.
(iii) n + 1 = 8.
From (47), φ(T1,1
2,6
, x), φ(T1,3
3,5
, x), and Corollary 1, we have ε1,1
3,5
< ε
1,1
4,4
< ε
1,1
2,6
< ε
1,3
3,5
< ε
1,2
3,5
. Since U3,5 <
U4,4 (by Lemma 5) and F
1,2
3,5
= F1,2
4,4
, by Lemma 2, we have ε1,2
3,5
< ε
1,2
4,4
. φ(T1,2
4,4
, x) and φ(T2,1
3,5
, x) yield
ε
1,2
4,4
= ε2,1
4,4
< ε
2,1
3,5
. Lemma 17 and Corollary 1 yield ε2,1
3,5
< ε
1,3
2,6
< ε
1,2
2,6
. It follows from φ(T1,2
2,6
, x), φ(T2,3
3,5
, x)
and Corollary 1 that ε1,2
2,6
< ε
2,3
3,5
< ε
2,2
3,5
. Since U3,5 < U4,4 (by Lemma 5) and F
2,3
3,5
= F2,2
4,4
, by Lemma 2, we
obtain ε2,3
3,5
< ε
2,2
4,4
. In conclusion, we deduce (66) for c(̂T) = 2.
(iv) n + 1 = 7.
By (47), we have ε1,1
3,4
< ε
1,1
2,5
. φ(T1,1
2,5
, x) and φ(T1,2
3,4
, x) yield ε1,1
2,5
< ε
1,2
3,4
. It follows from Corollary 3(i),
Lemma 17 and Corollary 1 that ε1,2
3,4
< ε
2,1
3,4
< ε
1,3
2,5
< ε
1,2
2,5
. φ(T1,2
2,5
, x) and φ(T2,2
3,4
, x) yield ε1,2
2,5
< ε
2,2
3,4
. In
conclusion, we deduce (67) for c(̂T) = 2.
(v) n + 1 = 6.
By (47), we have ε1,1
3,3
< ε
1,1
2,4
. φ(T1,1
2,4
, x) and φ(T1,2
3,3
, x) yield ε1,1
2,4
< ε
1,2
3,3
= ε2,1
3,3
. Since U3,3 < U2,4 (by
Lemma 5) and F2,1
3,3
= F1,2
2,4
, by Lemma 2, we have ε2,1
3,3
< ε
1,2
2,4
. φ(T1,2
2,4
, x) and φ(T2,2
3,3
, x) yield ε1,2
2,4
< ε
2,2
3,3
. In
conclusion, we deduce (68) for c(̂T) = 2.
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As i  2, forT1,2
2,4
andT2,3,2,wehavem2i−1 (̂T1,22,4 , i) = m(P2, i − 2) + m(P1 ∪ P1, i − 2) 2m(P2, i − 2) =
m2i−1(U2,3,2). It follows from Lemma 5 that P4 < U2,3. Furthermore,U2,4 < U2,3,2. By comparing (8) and
(41), we have T1,2
2,4
< T2,3,2. By Lemma 11(ii), we deduce (68) for c(̂T) 3. 
4. Conclusions
Using the quasi-ordering relation, we studied the ordering of the Hückel trees in terms of their
minimal energies. We obtained the preceding trees in the increasing order of their energies within
H2n − C2n. In Theorem 2, we deduced the ﬁrst 2n − 10 − [(1 + (−1)n]/2 trees for n + 1 14. In The-
orem 3, we had the ﬁrst 16, 14 and 10 trees for n + 1 = 13, 12 and 11, respectively. In Theorem 4, we
listed the ﬁrst 16, 12, 9, 6, and 4 trees for n + 1 = 10, 9, 8, 7, and 6, respectively. As n + 1 = 5, it is easy
to ﬁnd ε1,1
2,3
< ε
1,2
2,3
< ε(P8). As n + 1 = 4, there is only one tree P6 inH2n − C2n.
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